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1. Introduction

In sample surveys, a complete frame is often
unavailable or too expensive to construct. When
these situations arise, a survey practitioner may
use multiple frames. One of the first applica-
tions of the multiple frame procedure appeared in
the "Sample Survey of Retail Stores" conducted by
the United States Bureau of the Census in 1949,
reported by Bershad [1]. Hartley [Slgave a com-
plete description of multiple frame concepts.
Cochran [2,3], Lund [7], and others have also
considered the problem.

Fuller and Burmeister [4] proposed some
alternative estimators. In this study, agricul-
tural data is used to illustrate their multiple
regression estimators for population totals. The
relative efficiencies of these estimators to
Hartley's estimator are presented.

2. Notation and Estimators for Population Totals

We assume that two frames, A and B, contain-
ing N_ and N_ elements respectively, are avail-
able.” We denote by Nab the number of elements
included in both framé A and frame B, by N_ the
number of elements occurring only in frameaA, and
by N. the number of elements occurring only in

frame B. Thus

N, =N_+N
a

A ab '

NB = Nb + Nab

and the total number of elements in the popula-
tion is given by

=N_ <+ N_ .

N:Na+N + N b a

b * Nap = Na * Np

We refer to the elements contained only in
Frame A as domain a, the elements only in frame B
as domain b and those elements in both frames A
and B as domain ab. Domain ab is sometimes
called the overlap domain.

Given that simple random samples of size n
and n_ are selected from frame A and frame B,
respectively, Hartley [5] proposed the following
estimator of the population total for the charac-
teristic, ¥:

A A A ‘A
= L 4 2.1
YH Ya+YB+P(Yab Yab) (2.1)
where
A A AL
= +
=% ¥

% is the estimator of the total of Y for
domain a obtained from the sample from
frame A,
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A

Y;b is the estimator of the total of Y for
domain ab obtained from the sample from
frame 2,

A : .

Yb is the estimator of the total of Y for

domain b obtained from the sample from
frame B,

A

y" is the estimator of the total of Y for
domain ab obtained from the sample from
frame B, and

P is the number chosen to minimize the
variance of the estimator.

Fuller and Burmeister [4] suggested the estima-

v =2 + 8 s, -
r a B 1 ab
+ b (Q' - Q“ ) (2.2)
2 Tab ab’ , *

where

ﬁ' is an estimator of the number of ele-
ments in domain ab estimated from the
sample from frame A,

A

N" is an estimator of the number of ele-
ments in domain ab estimated from the-
sample from frame B,

b and b_ are numbers chosen to minimize
the vgrianCe of the estimator.

A A A A
The estimators N'. - N" and Y' - Y" age
R n
unbiased estimators o?bzero§b Both ab Y ggd Y

are recognizable as multiple regressionrestima-
tors. Therefore, Hartley's estimator, Q , is in-
efficieRt relative to the Fuller-Burmeisger esti-

Rator, Yr' if the partial correlation betwe
5 + Y and N' - ;b' after adjusting for
ab’ is not zero.

ab

In our application of the theory frame A is
a stratified list frame and frame B is a complete
area frame. The sample elements selected from
the area frame can be identified as belonging or
not belonging to the list frame A. The Hartley
estimator remains the same for a stratified list,
but the Fuller-Burmeister estimators can be exten-
ded to include additional unbiased estimators of

zero. We define
a, A L A A
= ] - "
Yor = Yp * iy Pyy (Yigp 7 Yiay) *
g b A' ﬁ" (2.3
31 P2y Mjap ™ Nap) - ¥
where
A
N' is an estimator of the number of ele-

jab ments in domain ab of the jth subgroup



obtained from the sample of frame A,

is an estimator of the n of ele-
ments in domain ab of the j subgroup
obtained from the sample of frame B,

A

Y! is an estimator oftﬁhe total of Y for
domain ab of the i stratum obtained
from the sample of frame A,

el!

iab is an estimator o?tﬁhe total of Y for

domain ab of the i~ stratum obtained
from the sample of frame B,

L is the total number of strata,
and

m is the number of subgroups on which the
estimator of the number of elements in
domain ab are obtained and included in
the estimator.

We note that ﬁ! - ﬂ? may be an estimator

of zero obtainaabfromja particular stratum or
from a combination of several strata. We also
define n_,, i = L, as the size of sample sel-
ected from the i stratum of frame A.

When fr

B ii a complete area frame, the
variance of

" and Yr are given as follows:

A A [cov(t,, ¥ )12
= el v ’
V(Y = V(¥ _ B alz ' (2.9
1 "
V(YL) + V(L)
Y)=v) -» ¥, A
V(Yr) = V( B) - b, Cov ( B’ Nab)
A A
- " 2.5
b2 Cov(YB, Yab) (2.5)
where
b V(ﬁ" ) [ (ﬁn Qu ) -1
1 ab ovifab’ *ab
b | |covdn , ¥ vy + vl
2 oVilap’ “ab ab ab

A A

cov(YB, Nab)
A A

Cov(YB, Yab)

N
To obtain the variance of YmR' we write (2.3)
as

n, A AA
Y =Y + X

IR B (2.6)

where

A
B' = (byys bygr ceer Byps Doy boor weaibyy)

A A A A A
=X - X, = (!

A
- " ] - "
1° % 1ab ~ Yiab’ Y2ap ~ Y

2ab’

>
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[] - On ] - fi»
O S l,ﬁlab ﬁlab' cees
A' A“
N } N l) .
Then
vi¥_) =vE) - B cov@, X (2.7
mR B oviipr % -7
where
B-vlcow®, %)
= ov B’ %2’
cov(¥ , ®.) = (Cov(¥., 2" ), cov(¥., ¥"
B’ %2 Ve’ “1ap’’ “OVUp’ “2ap),

A A A
ceer Cov(YB, Y; ]), COV(YB,

A a

seser Cov(YB, N"

All
N ) mab

lab )D I

A
and V is the covariance matrix of X.

3. Application of Two-Frame Estimators
to California Fruit Data

3.1. Description of the frames
Some data on fruit collected by USDA in Cal-
ifornia in 1972 are used to illustrate the rela-
tive efficiency of the Fuller-Burmeister estima-
tor to Hartley's estimator. These data represent
a complete listing of acreages of certain fruits
organized on an area basis. The basic unit is an
area segment. The area segments are grouped into
clusters to form an area frame of 187 area clus-
ters. Some of the clusters contain no acreage in
fruit.

A "list frame" of area segments was construc-
ted using the list of segments. This list was
constructed to simulate the type of list that
might be constructed using producer lists. Such
lists traditionally contain a larger fraction of
the large operators. Therefore the list frame
contained 95% of the segments with area over 500
acres devoted to fruits, 60% of the segments hav-
ing fruit acreage greater than or equal to 100
acres but less than 500 acres, and 28% of the seg-
ments having some fruit acreage but less than 100
acres. The list frame created in this manner con-
tained a total of 310 segments, representing 50%
of the non-zero area segments.

Two characteristics, the number of acres
under fruit and the number of fruit trees (in hun-
dreds), are studied.

3.2. Simple Random Sampling From List Frame

In the first study, we assume selection of
simple random samples of segments from the list
frame (frame A) and of clusters from the area
frame (frame B). Variances of the estimated to-
tals of the two characteristics for various sam-
ple sizes were computed both with and without the
finite population correction (fpc) for both
frames. The variances were computed using the
optimal values of p for Hartley's estimator and



optimal values of b
meister estimator.

1 and b for the Fuller-Bur-

i The percentage gain in efficiency of the
Fuller-Burmeister estimator, 7 Y , relative to the
A

Hartley estimator, YH' is defified by 100[V(Y ) -
n N

V(Yr)]/V(Yr). The results for selected sample

sizes with fpc, are given in Table 1. Substantial

gains are evident for most sample combinations.

The gain increases as the fraction of the sample

selected from the area frame increases. :

The procedure used in the 1949 'Sample Survey
of Retail Stores' consisted of observing only that
portion of the area frame that fell in the non-
overlap domain. If a screening process is applied
and the data on that portion of the area frame
sample elements belonging to the overlap domain
not collected, then the Hartley estimator reduces
to

A, A
Y' +v .
ab

b (3.1)

A
Y =
c
The Fuller-Burmeister estimator for this particu-
lar situation is

A A A A
=Y' +Y + Bc

All
ab b - Ny ) .

(N (3.2)

Y
cr ab

The galns in efficiency from using Y e’
rather than Y , for the set of sample sizes given

in Table 1 were computed. The largest gain was
26% associated with a list sample size of 60 and
area sample size of 10. For a fixed sample size
selected from the list frame, the gain decreases
as the size of the sample selected from the area
frame increases. This is also apparent from the
efficiency gain formula,

&y v & Buyg2
vY) V(Ycr) [Cov(Y,, N3,)]

v A
( cr) V(N;b)
a a rcovil,, fmy2| T
V(YL) + V() Ab ab
V(Nab)
v A An 2 All -l A -
Since [Cov(Yb, Nab)] [v(uah)] and V(¥,)

[cov(®, , & )1% [ven )17t ltiples of
Cov ( b’ Nab) V(Nab) are multiples o

nB-l, the ratio must decrease as ng increases.

3.3. Stratified Sampling From the List Frame

To investigate efficiencies for stratified
sampling of the list frame, we divided the list
frame into three strata on the basis of our orig-
inal construction of the frame. The three strata
were sampled in the ratio 4:2:1.

795

Three forms of Fuller-Burmeister estimators,

n
YmR' were considered. They are
n , A" A A
= - L} "
Yyp = Ty ¢ bll(Nab Nap) * P1pay - Yo
(3.4)
n A
= v - ] "
Yor Y * bZI(Nab N )+ b22(ylab ¥lap)
1 1 Al
23(Y2ab - Y2ab) * Py Yaap -
"
Y3ab) (3.5)
v ] [1] L]
Y3r = Y + b3l(Nlab - N a) * b32(N2ab
A
u ] - " ]
Ny L)+ by Ny N ) b34(Y1ab
" + b A YOI 1]
Y1ap) * P3sYoap ~ Youp! * b36(Y3ab
"
Y3ab) (3.6)
where ¥, ¥ o N a fiv iousl
e B’ iab’A jab’ ah' an ab are previously
1] "
defined, while Niab and Niab are the estimators

of the number of elements in domain ab of the ith

stratum obtained from the sample of frame A and
frame B respectively.

The optimal p's of the Hartley estimator and
the optimal b's of Fuller-Burmeister estimators
for various sample sizes and the associated var-

A
R V0.

) were computed retalning the finite

iances of the estimators, V(Y ). V(Y
and V(Y
The gains in efficiency

relative to Hartley's

populatlon correction.
£ ing ¥._, ¥ avy
rom using AlR' op’ and Yoo
estimator, YH' are shown in Tables 2-4.

The gains from including additional estima-
tors of zero in the estimator for the total are
substantial. As before the gain increases as the
area sample size increases.

A summary of the eff1c1ency of Y in simple

random sampling, and Y3R in stratlfied sampling,
relative to the Hartley estimator is presented in
Table 5.

3.4. Optimum Allocation
For any given cost structure, we can ob-
tain the gain in efficiency under optimum alloca-
tion among the two frames for each estimator. We
now assume the cost for each unit in the area
sample is six times as great as that for a unit in
the list sample. We study optimal allocation only
for the data of acreage in fruit. 1In simple ran-
dom sampling, ignoring the finite population cor-
rection terms, the optimum allocation for the
Hartley estimator is specified by the ratio nA/

nB‘s 4.34. For the Fuller-Burmeister estimator
the optimal ratio is nA/nB = 3.12. The gain in



efficiency of the Fuller-Burmeister procedure re-
lative to the Hartley procedure given optimum al-
location for each procedure is 13.64%.

We now investigate the behavior of these
estimators under the optimum allocation among the
strata. We assume the cost of a unit in one
stratum is the same as that of a unit in other

strata. Using the iteration procedure, we found
that, for % , the optimum stratum allocation is
H

49:45:6 and the optimum frame sample ratio is

n
nA/nB = 2.18, while, for Y__, the optimum stratum

3R
allocation is 62:37:1 and the optimum frame sam-
ple ratio is nA/nB = 0.79. Under these best con-

ditions for each estimator, the gain in efficiency

N A
from using Y R relative to YH is 19.26%.

3

By comparing the gains in efficiency under
the best conditions for each estimator with the
data in Table 4, we can see that the relative
efficiency of the Hartley estimator is slightly
better under optimum sample allocation than under
nonoptimum allocation. That is, as we improve the
efficiency with which we select the sample, the
potential for reduction in variance associated
with the inclusion of estimators of zero is re-
duced.

4. Summary

The variances of alternative multiple-frame
estimators are compared using data collected in a
census of fruit trees in California in 1972.

In one comparison, we assumed the selection
of a simple random sample of individual segments
from the list frame and of clusters of segments
from the area frame. The gain in efficiency of
the Fuller-Burmeister estimator relative to the
Hartley estimator was a function of the relative
rates at which the two frames were sampled. The
gain in efficiency increases as the sampling rate
in the area frame increases. In a second compar-
ison the optimum sampling procedure for a fixed
budget was used for each estimator under reason-
able cost assumptions, the gain of the Fuller-
Burmeister estimator relative to the Hartley
estimator is about fourteen percent.

The efficiency of the Fuller-Burmeister esti-
mators were also investigated for stratified samp-
ling. When stratified sampling is used, there
are a number of estimators of zero that can be
used in the regression estimator. The regression
estimators displayed considerable gains in effic-
iency when several estimators of zero were used.
As in simple random sampling, the gain in effi-
ciency from using the Fuller-Burmeister estima-
tors is largest for samples where the ratio of
the size of the list sample to the size of the
area sample size is small. When the optimum
sample allocation is used for each estimator, the
gain is about nineteen percent.
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Table 1. Percentage Gain in Efficiency,of the
Fuller-Burmeister Estimator (Y ) rela-
tive to the Hartley Estimator (Y )
for Various Sample Sizes for California

Fruit Data.

List frame
sample size
(nA)

Area frame sample size (nB)

10 15 20 25 30

Acres in
Fruit

20
30
40
50
60

38.67
25.14
18.11
13.87
11.07

51.87
34.36
24.96
19.18
15.29

64.77
43.71
32.08
24.78
19.81

77.33
53.12
39.40
30.63
24.59

25.30
16.18
11.63
8.95
7.21

of trees
20
30
40
50
60

No.
12.69
7.29
4.50
2.87
1.84

17.90
10.97
7.22
4.92
3.41

22.90
14.69
10.06
7.15
5.17

27.69
18.39
12.98
9.48
7.07

7.35
3.75
2.05
1.12
0.60




Table 2. Percentage Gain ip Efficiency of ¥ Table 4. Percentage Gain in Efficiency of ?
Relative to the (YH) for Stratifie&R lative to the Hartley Estimator 3R
List Sampling. ) for Stratified List Sampling.
List frame Area frame sample size (nB) List frame Area frame sample size (n_)
stratum stratum B
sample size . sample size
n n n n n n
Al "A2 "A3 10 15 20 25 30 Al A2 A3 10 15 20 25 30
Acres in Acres in
Fruit Fruit
12 6 3] 6.07 9.41 13.10 17.08 21.32 12 6 3]15.07 26.50 39.08 52.48 66.57
16 8 4] 4.51 6.82 9.41 12.25 15.33 16 8 4| 9.89 17.74 26.68 36.43 46.86
20 10 5{ 3.62 5.33 7.27 9.41 11.76 20 10 5| 7.07 12.75 19.44 26.88 34.96
32 16 8| 2.39 3.25 4.24 5.35 6.58 32 16 8| 3.56 6.11 9.38 13.23 17.58
40 20 10| 2.01 2.62 3.32 4.10 4.97 40 20 10| 2.70 4.30 6.48 9.14 12.22
L]
No. of No. of
trees trees
12 3 2.86 5.86 9.06 12.35 15.67 12 6 3 132.33 41.26 48.81 55.46 61.50
16 4 1.50 3.55 5.88 8.38 10.96 16 8 4 128.04 36.14 43.11 49.27 54.87
20 10 5 0.79 2.22 3.98 5.91 7.98 20 10 5125.19 32.68 39.27 45.15 50.51
32 16 8 0.07 0.54 1.31 2.29 3.41 32 16 8 [{20.49 26.78 32.71 38.25 43.44
40 20 10 0.00 0.17 0.60 1.22 1.98 40 20 10 [18.85 24.60 30.28 35.76 41.02
Table 3. Percentage Gain in Efficiency of Y2 Table 5. Efficiency of Fuller-Burmeister Estima-
Relative to (Y ) for Stratified List tor Relative to the Hartley Estimator.
Sampling.

List frame Area frame sample size Acres in fruit No. of trees
::;a;:msize (nB) nA/n Simple Strati- Simple Strati-
P random fied random fied

a1 "a2 a3 | 10 15 20 25 30
6.0 107 103 101 120
Acres in
Fruit 5.0 109 104 101 121
12 6 3 112.07 20.19 28.80 37.65 46.60 4.0 111 106 102 124
16 8 4 8.30 14.05 20.42 27.19 34.23 3.0 116 109 104 128
20 10 5 6.18 10.45 15.34 20.68 26.35 2.0 125 115 107 132
32 16 8 3.41 5.45 7.98 10.90 14.16 1.3 139 129 113 141
40 20 10 2.66 4.01 5.74 7.81 10.17 1.0 152 139 118 149
No. of 0.8 165 152 123 155
trees 0.7 177 167 128 162
12 3124.87 35.16 43.84 51.20 57.50
16 4 [19.51 28.48 36.52 43.66 50.02
20 10 5116.00 23.85 31.21 38.01 44.24
32 16 8 |10.45 15.93 21.58 27.23 32.78
40 20 10| 8.61 13.06 17.87 22.86 27.93
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